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Abstract. Let X be a complex manifold and /: X — > C p a holo- 
morphic mapping defining a complete intersection. We prove that the 
iterated Mellin transform of the residue integral associated to / has an 
analytic continuation to a neighborhood of the origin in C p . 



1. Introduction 

Let X be a complex manifold of complex dimension dimc^ = n and 
let / = (/i, . . . , fp+q) : X — > C p+q be a holomorphic mapping denning a 
complete intersection. For a test form (p £ @ n>n - p (X) we let the residue 
integral of / be the integral 



Ij(e) = [ 
Jt 



T(e) fl " " " fp+q 

P+9/1 r.|2 



where T(e) is the tubular set T(e) = n?{|/,-| 2 = £j} fl n£+?{|/j| 2 > e,}. If 
we let e tend to zero along a path to the origin in the first orthant such that 
€j/e^ +l — > for j = 1, . . . ,£>+<?— 1 and all fc € N, a so called "admissible path", 
then by fundamental results of Coleff-Herrera, [7], and Passare, [12j . the 
residue integral converges and the limit defines the action of a (0,p)-current 
on the test form tp. We will refer to this current as the Coleff-Herrera-Passare 
current and denote it suggestively by 

B[^]A-Ad[h[^-]...[- 1 ^ 



" fi fp fp+i fp+q 

or sometimes R p P q [1/ f] for short. The current R p [l/f] is the classical Coleff- 
Herrera residue current, which has proven to be a good notion of a multivari- 
able residue of /, but also the currents R P P 9 [1/ f], with q > 1, have turned 
out to be important to the theory. In particular, if q = 1 then R p P q [l/f] is 
a 9-potential to the Coleff-Herrera residue current. 

The first question raised by Coleff and Herrera in the book [7] is whether 
the residue integral ^J(e) has an unrestricted limit as e tends to zero. This 
question was answered in the negative by Passare and Tsikh in [2], where 
they found two polynomials in C 2 , with the origin as the only common zero, 
such that the corresponding residue integral does not converge unrestrictedly; 
large classes of such examples were then found by Bjork. In this sense, the 
definition of the Coleff-Herrera-Passare current is quite unstable. A different 
and, as we will see, more rigid approach is based on analytic continuation. 
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Let Ai, . . . , Ap+g be complex parameters with IHe Xj large. Then the integral 
r f ( A ) = / 7 f A 99, 

iX / 1 • • • Jp+q 

makes sense and defines an analytic function of A. This function is the 
iterated Mellin transform of the residue integral, i.e., 



±TJ(A)= / lJ(s)d(s^)A---Ad( S ;i + q o). 

J[0,oo)P+i 1 

It is known that r?(A) has a meromorphic continuation to all of C p+q and 



that its only possible poles in a neighborhood of the half space nf +9 {5Ee Xj 



> 



0} are along hyperplanes of the form ^2ajXj = 0, aj G Q+. Moreover, by 
results of Yger, the restriction of (A) to any complex line of the form 
{A = (tiz, . . . , t p z); z G C}, tj G M + , is analytic at the origin and the 
value there equals the action of the Coleff-Herrera-Passare current on 99. 
In the case of codimension two, i.e., when / = (/i,,f2), it is also known 
that the corresponding T-functions are analytic in some neighborhood of 
nf{£HeAj > 0}. Yger has posed the question whether this generalizes to 
arbitrary codimensions. The purpose of this paper is to prove the following 
theorem, which answers Yger's question in the affirmative. 

Theorem 1. Let X be a complex manifold of complex dimension n and let 
f = . . . , f p +q) : X — > C p+q be a holomorphic mapping defining a complete 
intersection. If N is a positive integer and <p G & n<n - p {X) is a test form on 
X then the integral 

m rV m f g|/l| 2Al A---Aa|/ p | 2 ^|/ p+1 | 2A ^---|/ P+(? | 2A ^ A 

UJ 1 fjvl-^j - / Tjv Jn A( ^' 

JX Ji ■ ■ ■ Jp+q 

is analytic in a half space {X G C p+<? ; 9\t Xj > — e, 1 < j < p + q} for some 
e G Q+ independent of N . 

We remark that for non-complete intersections, the T-function still is 
meromorphic in C p+q but will in general have poles along hyperplanes through 
the origin. Our proof of Theorem [1] uses Hironaka's theorem on resolutions 
of singularities, [10], to reduce to the case when {/1 • • • f p+q = 0} has nor- 
mal crossings, i.e., in local coordinates on a blow-up manifold lying above 
X, the pull-back, fj, of the fj are monomials times invertible holomorphic 
functions. (For our proof it is actually enough to use the weaker version of 
Hironaka's theorem where the projection from the blow-up manifold to X 
is allowed to be "finite to one" outside the exceptional divisor.) In general, 
the fj do not define a complete intersection on the blow-up manifold but the 
information that the fj do on the base manifold is coded in the pull-back, <p, 
of the test form ip. We are able to recover this information using a Whitney- 
type division lemma for (anti-)holomorphic forms. It is also worth noticing 
that for p = 1, the problem of analytic continuation of T^ N (X) is of local 
nature on the blow-up manifold, i.e., it suffices to consider one chart on the 
blow-up at the time. This is not the case if p > 2 and q > 1, all charts on 
the blow-up have to be considered simultaneously. We give a simple example 
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showing this in Section EJ In [16J we were able to overcome this problem in 
the special case when p = 2 and q = 1 by quite involved integrations by parts 
on the blow-up manifold. Very rewarding discussions with Jan-Erik Bjork 
have resulted in a much simpler and more transparent argument based on 
induction over p. 

We continue and give a short historical account of analytic continuation 
of residue currents. The case p = and q = 1 is the most studied one 
and the analytic continuation was in this case proved by Atiyah in [2] using 
Hironaka's theorem; see also [5]. The main point was to get a multiplicative 
inverse of / in the space of currents, and indeed, the value at A = gives 
a current, U, such that fU = 1 in the sense of currents. At the same time, 
Dolbeault and Herrera-Lieberman proved, also using Hironaka's theorem, 
that the principal value current of 1//, defined by 

@n,n( X ) 3 f ^ lim / ¥>//> 

^0 J\f\2 >e 

and denoted [1//], exists, cf. [8] and [9]. It is elementary to see that this 
current coincides with the current defined by Atiyah if / is a monomial 
and for general / it then follows from Hironaka's theorem. A perhaps more 
conceptional explanation for this equality is that the two definitions are 
linked via the Mellin transform; recall from above that J \f\ 2X( f/f is the 
Mellin transform of e i— ► J\f\2 >e f/f- The poles of the current valued function 

X l— ► l/| 2A // are closely related to the roots of the Bernstein-Sato polynomial, 
6(A), associated to /. By Bernstein-Sato theory, see, e.g., [6j, / satisfies some 
functional equation 

6(A)/ A = ^A^Q i (/ A+1 ), 

3 

where Qj are anti-holomorphic differential operators. By iterating m times 
and multiplying with f x / f N it follows that 

b(X + m) ■ ■ ■ b(X)\f\ 2X /f N = £ \i Rj(f m \f\ 2X / f N ) 

i 

for some anti-holomorphic differential operators Rj. If <p G & n>n (X) and R* 
is the adjoint operator of Rj it thus follows that 

(2) Ix ' /|2A F = KX + 171)1 ' ' ' KArl ^ ^ Sx \ f \ 2X J* R ^)- 

Now, from Kashiwara's result, [TT|, we know that 6(A) has all of its roots 
contained in the set of negative rational numbers. Hence, we can read off 
from ([2]) that the current valued function A i— ► \f\ 2X / f N has a meromorphic 
continuation to all of C and that its poles are contained in arithmetic pro- 
gressions of the form {— s — N} with s £ Q+. In particular, A h- > J \ f\ 2X ^p/ f N 
is holomorphic in some half space 9\t A > — e for some e G Q + independent 
of N. A detailed study of the poles that actually appear was done by Barlet 
in [3]. Consider now instead the current valued function A h- ► B\f\ 2X / f. It 
is the 0-image of A h- > \f\ 2X / f and has thus also a meromorphic continua- 
tion to all of C with poles contained in arithmetic progressions of the form 
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{— s — N}. The value at A = is now the residue current d[l/ f], i.e., the 
9-image of [1//]. The case when / is one function, i.e., p + q = 1, is thus 
well understood. When p + q > 1, the picture is not that coherent. We have 
seen that r^(A) is the iterated Mellin transform of the residue integral but 
from the examples by Passare-Tsikh and Bjork mentioned above, we know 
that r?(A) is not the Mellin transform of a continuous function in general. 
A multivariable Bernstein-Sato approach has been considered, but by results 
of Sabbah, [TS], the zero set of the multivariable Bernstein-Sato polynomial 
will in general intersect Hj{9\e Xj > 0}, and so this method cannot be used to 
prove our result. On the other hand, it shows that T^(A) has a meromorphic 
continuation to all of C p+q . More direct approaches have been considered 
by, e.g., Berenstein, Gay, Passare, Tsikh, and Yger and the case q = has 
got the most attention. For instance, a direct proof of the meromorphic 
continuation of T^(A) to all of C p can be found in [13]. Also, as mentioned 
above, it is proved in [T7] that the restriction of A i— ► Tj(A) to any complex 
line of the form {A = (t\z, . . . ,t p z); z E C}, where tj £ R+, is analytic at 
the origin and that the value there equals the Coleff-Herrera residue current. 
The first analyticity result in several variables was obtained by Berenstein 
and Yger. They proved that if p + q = 2, then (A) is in fact analytic in 
a half space in C 2 containing the origin, see, e.g., |4j and [13] for proofs. In 
view of these positive results it has been believed that this holds in general 
but to our knowledge, no complete proof has appeared. 

This paper is organized as follows. Section [2] contains an outline of the 
proof in the case p = 2 and q = 1. This is to show the essential steps 
without confronting technical and notational difficulties. In Section [3] we 
give a simple example showing that global effects on the blow-up manifold 
have to be taken into account when p > 2 and q > 1. The detailed proof of 
Theorem [1] is contained in Section [H 

Acknowledgment: I am grateful to Jan-Erik Bjork for his help and 
support during the preparation of this paper. His insightful comments and 
suggestions have substantially improved and simplified many arguments as 
well as the presentation. 



2. The main elements of the proof 

In this section we illustrate the main new ideas in our proof by considering 
the case when p = 2 and q = 1. Let /i, fa, and be holomorphic functions 
in C 3 (for simplicity) and assume that the origin is the only common zero. 
Using the techniques of, e.g., [4] or [13] it is not hard to prove that the current 
valued function A i-> (/i -1 0|/i| 2Al )/^V2| 2 ^/f Val 2 * 8 can be analytically 
continued to a neighborhood of the origin; see also Proposition |4] below. 
Assume now that we can prove that there is a polynomial Pi2(Ai, A2), which 
is a product of linear factors a\\ + 6A2 in Ai and A2, such that the current 
valued function 

(3) A^P 12 (Ai,A 2 ) T - r - t 

J1J2J3 
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can be analytically continued to a neighborhood of the origin. That is, we 
assume for the moment that the only possible poles (close to the origin) of the 
meromorphic current valued function (/f 1 B\fi\ 2Xl ) A(/ 2 " 1 9|/2| 2A2 )/ 3 ~ 1 |/3| 2A3 
are along hyperplanes of the form 0A1 + 6A2 = 0. Consider the equality of 
currents 

(4) a g|/ii 2Ai i/2i 2A2 i/ 3 | 2A3 = g|/ii 2Ai Aai/ 2 i 2A2 i/ 3 j 2A3 
/1/2/3 /1/2/3 

■9|/l| 2Al |/2| 2A2 A^|/ 3 [ 2Aa 
/1/2/3 

which holds for 9\e X±, 9\e A2, 9fa A3 >> 1. We know that the left hand side 
can be analytically continued to a neighborhood of the origin and we have 
assumed that we can prove that the first term on the right hand side only 
has poles (close to the origin) along hyperplanes aXi + 6A2 = 0. The last 
term on the right hand side therefore also has only such poles. But, by 
permuting the indices, we can, assumingly, prove that the last term on the 
right hand side only has poles along hyperplanes of the form a'X± + b'X^ = 0. 
We can thus conclude that the only possible pole that the last term on the 
right hand side can have is along Ai = 0. On the other hand, if we switch 
the indices 1 and 3 in we similarly get that the last term in Jl]) only 
has poles along hyperplanes a"A2 + 6"A3 = 0. (The last term is unaffected 
by the switch modulo a sign.) Its possible pole along Ai = is thus not 
present. In conclusion, the last term in (j3J| has an analytic continuation to 
a neighborhood of the origin if we can prove the existence of a polynomial 
P12 (Ai, A2) such that (JSJ) can be analytically continued to a neighborhood of 
the origin. To do this, we use Hironaka's theorem to compute rJ(A) on a 
blow-up manifold. More precisely, for some neighborhood U of an arbitrary 
point in C 3 one can find a blow-up manifold U, lying properly above the base 
U, such that the preimage, Z, of Z = {/1/2/3 = 0} has normal crossings 
and U \ Z is biholomorphic with U \ Z. By a partition of unity we may 
assume that (p has support in such a U and we pull our integral Ty(A) back 

to U. In local charts on U, we then have that the pullback, fj, of the fj are 
monomials, x a ^\ times invertible holomorphic functions. Let us consider 
a generic chart where the multiindices a(l), a(2), and a(3) are linearly 
independent. It is then possible to define new coordinates, still denoted x, 
such that the invertible holomorphic functions are = 1; see, e.g., [12J. We 
note that, in general, there are also so called charts of resonance where one 
cannot choose coordinates so that the invertible functions are = 1. These 
charts are responsible for the discontinuity of the residue integral, ij(e), 
but do not cause any problems in our situation. We shall thus consider the 
integral 

^1^0(1) |2Ai ^ ,9| X Q (2) j2A 2 | x «(3) |2A 3 



(5) / 



x a(l) x a(2) x a(3) 



A pip, 



where p is some cut-off function on U. In C 3 , we have <p(z) = Yli fj{z)dz A 
d2j, and so, by linearity we may assume that (p has a decomposition ip = 
4> A ip, where <j> € ^3,o(C 3 ) and ip is the conjugate of a holomorphic 1-form. 
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The pullback = <j) Aip thus also has such a decomposition. For simplicity 
we assume that ip = h(x)dxs for a holomorphic function h on U. Then (|5j) 
equals 

r l x a{l)\2Ai\ x a(2)\2\ 2 \ x a(3)\2\ 3 fcft{l) A ^»(2) 

( 6 ) AlA2 J x a(l) x a(2) x a(3) ^(1)^(2) A ^ 

/• 1^(1) |2Ai 1^(2) |2A 2 | 2 .a(3)|2A 3 dxi A dx 2 

= A1A2 / 7TT 7^ 77^ A 12 A pif, 

J x a(l) x a(2) x a(3) 

where ^12 = a(l)ia(2)2 — a(l)2a(2)i. We may assume that Ai 2 > and so, 
in particular, a(l)i > and 0(2)2 > 0. To avoid having to consider so many 
cases we also assume that 0(1)2 = a(2)i = 0. The cases when this is not 
fulfilled do not cause any additional difficulties and can be treated similarly. 
Three cases can occur: 

i) Neither x\ nor x 2 divides x a ( 3 \ 

ii) Precisely one of x\ and x 2 divides x a ^ 3 \ 
hi) Both x\ and x 2 divide x a ^ . 

Consider the case ii) and assume that x\ divides x a ( 3 \ The variety V = 
{/1 = fz = 0} in C 3 has codimension 2 since fx, f 2 , and fa define a complete 
intersection, and so the holomorphic 2-form df 2 Aij) has a vanishing pullback 
to V. Since x\ divides both f\ = x a( -^ and fa = x Q ( 3 ) we see that df 2 A ip = 
d x a{2) mus ^ have a vanishing pullback to {x\ = 0} C {fi = f 3 = 0}. But 
x\ does not divide x a ^ and hence, dx a ^ A i/j\ Xi= q = in U, where "01x1=0 
means the pullback of tp to {x\ = 0} extended constantly to U. This implies 
that we may replace ( ) 3 = </>AV , in([6l)by(/>A('0 — -01^=0) without affecting 
the integral. Now, x\ divides ij} — ip\ Xl=0 so we may in fact assume that p in 
(JU) is divisible by x±, or formulated differently, that (dxi/xi) A<p is a smooth 
form. If we instead consider the case iii), similar degree arguments give that 
d x a{i) A"0|a; 2 =o = dx a ^ Aip\ Xl= o = in U. We may then replace (p in §6§ by 

(7) 4>A(lp- Tp\ Xl=0 ~ 4>\x 2 =0 + Tp\ Xl =x 2 =0) 

without affecting the integral. But (jTj) is divisible by x\x 2 , and so, in this 
case, we may assume that {dx\/ x\) A{dx 2 / x 2 ) A(p is a smooth form. It is now 
easy to see that ([6]) has a meromorphic continuation and that its possible 
poles close to the origin are along hyperplanes a\\ + b\ 2 = 0. In case i), we 
write j6]) as 

, AiA 2 f aixil 2 ^ Ad\x 2 \ 2 ^\x 3 \ 2 ^ 

A 12 / 51 a 2 a 3 A pp, 

P1P2 J x 1 L x 2 x 3 J 

where pj = X^=i \oi(i)j and atj = Y^i=i a {^)j- K 1S an eas y one- variable 
problem to see that this integral (without the coefficient) has an analytic 
continuation to a neighborhood of the origin; cf., e.g., Lemma 2.1 in [1]. 
Since neither X\ nor x 2 divides x a ( 3 \ i.e., a(3)i = 0(3)2 = 0, we have 
pi = q(1)iAi + a(2)iA2 and p 2 = a(l)2Ai + a(2)2A2 and it follows that (|6j) 
only has poles of the allowed type in the case i). In the case ii) (with x\ 
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dividing x a( - 3 ^) we write JH)) as 

, A X A 2 f \ Xl \ 2 ^d\x2\ 2lX2 \x 3 \ 2 ^ dxi A 

-^12 / ai a 2 a 3 A — A pif. 

P2 J X 1 L X 2 A X^ X\ 

Now p2 = 0(1)2 Ai + a(2)2A2, since X2 does not divide x a< ^\ and from our 
considerations above we may assume that {dx\/dx\) A(p is smooth. It follows 
that (jSJ) only has the allowed type of poles in the case ii) as well. The case 
hi) is easier; then we may assume that {dx\/x\) A {dx2/x2) A (p is a smooth 
form and (|6j) is in this case even analytic at the origin. 

Remark 2. As mentioned in the introduction, and shown in the next section, 
it is necessary to take global effects on the blow-up manifold into account 
when proving analyticity of JT]) beyond the origin. However, as indicated by 
the above argument, the problem of showing that JJJ only has poles along 
hyperplanes of the form J2i a j^j = is of a local nature on the blow-up; cf. 

3. An example 

We present a simple example showing that global effects on the blow-up 
manifold have to be taken into account when proving our result for p > 2 
and q > 1. Consider the integral 

f \xi\ 2Xl d\x 2 \ 2X2 Ad\x 3 \ 2X3 

8 / — — — A <p(x)dx A dxi 

J X1X2X3 

in C 3 , where ip is a function defined as follows. Let (p, <p% and ip 3 be smooth 
functions on C with support close to the origin but non-vanishing there, and 
put (pi = d<p/dz. We define <p(x) to be the function (pi(xi)(p2(x2)(p 3 (x 3 ) hi 
C 3 . Note that (jBJ) equals 

|xi| 2Al |x 2 | 2A2 M 2A3 dcp 2 d(p 3j 

-<p\ 77Z TT^dx A dx 



X1X2X3, 9x2 dx 3 

after two integrations by parts, from which we see that J8]) is analytic at 
A = 0. Now we blow up C 3 along the xi-axis and look at the pullback of 
J8]) to this manifold. Let ir: C x BqC 2 — > C 3 be the blow-up map. In the 
natural coordinates z and ( on C x £>o<C 2 it then looks like 

Tr(z 1 ,Z2,Z 3 ) = (Z 1 ,Z2,Z 2 Z 3 ), 
^(Cl,C2,C 3 ) = (Cl,C2C3,C2). 

Since (p has support close to the origin, Tr*(p has support close to 7r _1 (0) = 
{z\ = Z2 = 0} U {d = (2 = 0} = CP 1 . Note that z 3 and £3 are natural coor- 
dinates on this CP 1 and choose a partition of unity, {pi,p2} on supp(7r*c/?) 
such that supp(pi) C { 1 2:3 1 < 2} and supp(p2) C {IC3I < 2}. The pullback of 
JB]) under ir now equals 

\zi\ 2 ^B\z 2 \ 2X2 Ad\z 2 z 3 \ 2X 3 

2 A p 1 (z)(p 1 (z 1 )ip2{Z2)^3{Z2Z 3 )Z2dz A &Z\ 

ZiZp 3 



iCii 2Ai g|c 2 c 3 | 2A2 a aic 2 
C1CIC3 



2, A p 2 (C)^l(Cl)V2(C2C3)<^3(C2)C2Q!C A d& 
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We know that this sum (difference) is analytic at A = but we will see that 
none of the terms are. Consider the first term. It is easily verified that it 
can be written as 

A 2 f \ Zl \^d\z 2 \^+^Ad\z 3 \^ 
— — / Pl{z)<pi{Zi)<p2(Z2)(p3(Z2Z3)dz f\d,Z\. 

M + A3 J Z1Z2Z3 

We denote this integral, with the coefficient A2/(A2 + A3) removed, by /(A). 
After two integrations by parts one sees that 1(A) is analytic at the origin, 
and so X 2 I(X)/(X2 + A3) is analytic at the origin if and only if /(A) vanishes 
on the hyperplane A2 + A3 = 0. In particular we must have that 1(0) = 0. 
But 1(0) can be computed using Cauchy's formula, and one obtains 1(0) = 

-(2^)^(0)^2(0)^3(0) ± 0. 

Remark 3. This example could be a little confusing. The variable z\ just 
appears as a "dummy variable" in the computations above, to which nothing 
interesting happens. This indicates that global effects appear already in the 
case p = 2 and q = 0. It is in fact so, but in this case the analyticity follows, 
simply by applying to 9-exact test forms, if we can prove analyticity of 

f lfil 2Al <9|f 2 | 2A2 

(Al,A 2 )-> / , 'f ' Ay, if ^ ^n,n-l(X). 

J Jl ■ J2 

This can can actually be done using only local arguments, see, e.g., Proposi- 
tion H below. The case p = 2, q = can therefore be reduced to where 
only local arguments are needed, but for p > 2 and q > 1 this is in general 
not possible. 

4. The proof 

We give here the detailed proof of Theorem [H We begin with the following 
proposition, whose proof relies on the Whitney-type division lemma (Lemma 
[5]) below. 

Proposition 4. Let f = . . . , f p ) : X — > C p be a holomorphic mapping 
defining a complete intersection and let g\, . . . , g q be holomorphic functions 
on X such that (fi, . . . ,f p ,gj) defines a complete intersection for each j = 
1, . . . ,q. Let also <p € & n > n - p (X) be a test form and N a positive integer. 
Then, for some e € Q+ independent of N , the function 

rr m f g|/i| 2A ' A - - - A 9|/,[ 2A » ■ ■ ■ |9,| 2A >+« 

r ^ (A) = Jx If- 

originally defined when all 9\t Xj are large, has a meromorphic continua- 
tion to all of C p+q and its only possible poles in the half space H = {A G 
C p+q ; 9\t Xj > — e, 1 < j < p + q} are along hyperplanes of the form 
Yli a j^j = 0; where a,j £ N and at least two of the a,j are non-zero. In 
particular, if p = 1 then g (X) is analytic in H . 

Proof. It is well known that T'j (A) has a meromorphic continuation to all of 
C p+q so we only check that its possible poles in H are of the prescribed form. 
We will compute (A) by pulling the integral back to a blow-up manifold, 

X, given by Hironaka's theorem, where the variety {/1 • • • f p ■ g\ ■ ■ ■ g q = 0} 
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has normal crossings; cf. Section [21 (The hat, ~, means pullback to the 
blow-up.) We can thus write 



3|/i| 2Al A---Ad\f p \ 2X »\g 1 \^---\g q \^+« „ 

f,9^> - / Jtf . . . fNfjN . . . ~ a N A W ' 

where {p} is a partition of unity of supp(<£) and each p has support in a 
coordinate chart where fi and f^- are monomials times invertible holomorphic 
functions. Let us consider a chart with holomorphic coordinates x in which 
fi = uix a ( l \ . . . , f p = u p x a ^ and g± = v \x^^ l \ . . . , g q = v q x^ q \ where 
the Ui and the Vj are invertible and holomorphic. Denote by m the number 
of vectors in a maximal linearly independent subset of {a(l), . . . , a(p)} and 
assume for simplicity that a(l), . . . , a(m) are linearly independent. It is 
then possible to define new coordinates, still denoted by x, such that u\ = 
• • • = u m = 1 in the new coordinates; see, e.g., |T2] page 46. Now, for each 
j = m+1, ■ ■ ■ ,p, a(j) is a linear combination of a(l), . . . , a(m) and it follows 
from exterior algebra that dx a ^ A dx a ^ A ■ ■ ■ A dx ^ = 0. In the a>chart, 
the term we are looking at can therefore be written 

_ f B\x a ^\ 2 ^ A ••• Ad\x a ^\ 2Xm \x x ^\ 2 irXrrX , 
(9) / — fj-irn l -pV x U x A du m+l A • • • A du p A 0, 



x Na x N/3 

where we have introduced the notations: a = Ei a C?)> ft = Ei/^i)) ^7 
Em+i A i«(i) + Ei X P +jPti), and 

r\ \vi\ 2X p +1 ■ ■ ■ \v q \ 2X P+i 



(«!••• V q 



TT X — \ \ \ U,n 

V — /\ m +1 • • • A 



|2A m +i— 2 



m+1 " p ( Um+1 --- Up r-i ■ 

Let K C {1, . . . , n} be the set of indices i such that Xi divides at least some 
cjj. We will use the following division lemma, proved below, to replace the 
form du m+ i A • • • A du p A ip in ([9|) by another one, which vanishes on the 
variety {UieK x i = °}- 

Lemma 5. If ip is a holomorphic n — p-form on the base manifold X, then 
one can find explicitly a holomorphic n — m-form to in the x-chart on X such 
that 

i) -rf A (du m +i A • • • A du p A ip — to) is non-singular for all j € K , and 

ii) dx a ^ A • • • A dx a ^ Aw = 0. 

By linearity, we may assume that ip is decomposable and write <p = 4>\ A 02, 
where 0i € @ n< o(X) and 02 is a holomorphic n — p-form. With 02 as in-data 
to Lemma [5] we thus see that we may replace du m+ \ A • • • A du p A <p in © 
by a (n,n — m)-form £, without affecting the integral, such that (dxj/xj) A£ 
is smooth for all j E It follows that for any L C K, Aj^L(dxj/xj) A £ 
is a smooth form. Using Leibniz' rule to expand the expressions d\x a ^\ 2X ^ , 
1 < j < m, the integral can be written 

,,/,/■ • ^ f \x x ( a+ ® | 2 dx h A • • • A dx im 



ll<---<lr, 



(10) ^ det^,...,^)) / ' ^ ^ — *" Ag(s;A), 
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where A(ii,...,z m ) is the matrix (a(ifc)i,) fe /5 A(a + /?) = Ei^i a (i) + 

Ei *p+jPU), and 

A) = Ai ■ • • X m pV x U x A e 
We emphasize that $ is a smooth compactly supported form depending 
analytically on A and that Aj £ L(dxj /xj) A <£, L C ET, also is. For notational 
convenience, we consider the term of (fTUl) with Zj = j and to make our 
considerations non-trivial we then assume that A := A(l, . . . ,m) is non- 
singular. Furthermore, we assume, also for simplicity, that 1, . . . , k £ K and 
that k + 1, . . . , m 6 K , If we put fj, = A(a + f3) we can write the term under 
consideration as 

, , det(^) f B\ Xl \ 2 ^ A--- A8\x k \ 2 ^\x k+1 \ 2 ^ ...|x n l 2 ^ 
{ } fit- ■■ fi k J x^+0) 

dxu + -i A ■ ■ ■ A dx m 

^■fc+l ' ' ' 

Here, the expression on the second row is a smooth compactly supported 
form depending analytically on A. After this observation it is a one-variable 
problem to see that the integral, without the coefficient in front, has an 
analytic continuation to some half space H independent of N; see, e.g., 
Lemma 2.1 in [Tj. The possible poles are therefore only along hyperplanes of 
the form fij = 0. Fix a j with 1 < j < k. Then j ^ K, which means that Xj 
does not divide any of the ^-functions. Hence, (3(l)j = • ■ ■ = f3(q)j = 0, and 
consequently, fij = Yli=i a {^)j^i- Moreover, if fij happens to be proportional 
to some Aj then, first of all, Xj must divide x Q W but no other x a ^ (or any 
x 13 ^). Secondly, the term (fTT|) of (fTUl) that we are considering must have 
arisen from the term in the Leibniz expansion of ([9]) when the d in front 

of |x Q M| 2Ai has fallen on |x"^ J | 2Ai . Thus, i < m and no other [i v with 
1 < v < k can be proportional to A». Since $(x;A) is divisible by Aj we 
can therefore cancel poles along hyperplanes fij = if fj,j is proportional to 
some Aj. In conclusion, T 1 ^ g {\) has a meromorphic continuation to some half 
space H with possible poles only along hyperplanes of the form Y^i Q-j^j = 0, 
where aj € N and at least two dj must be non-zero. □ 



Proof of Lemma\R Put \& = du m+ i A • • • A du p A ip and define 

w = E *i - E *y + • • • + (-i) |xhl ^-^i , 

i<j 

where ^i 1 -i e means the pullback of ^ to {x^ = ■ ■ ■ = Xi e = 0} extended 
constantly to C n . A straight forward induction over \K\ shows that uo so 
defined satisfies i). (See also [16].) To see that u satisfies ii), consider a 
^ij...^, Let L be the set of indices j such that no Xi k , 1 < k < £, divides 
fj and write L = L' U L", where L' = {j € L; j < m} and L" = {j G 
L; m + 1 < j < p}. For each Xi k , with 1 < A; < £, we know that xi k 
divides some ^-function, say gj k . The variety {x^ = ■ ■ ■ = Xi e = 0} is then 
contained in {gj 1 = • •• = gj t = 0}P|n^^{/j = 0}, i.e., in the preimage of 
v := idji = ■ ■ ■ = 9j e = °l Pi n ^i{/i = 0}- Since (/, gj) defines a complete 
intersection for any j, the variety V has codimension at least p — \L\ + 1. 
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Now, the form Aj^dfj A ip has degree n — p + \L\ and thus, has a vanishing 
pullback to V. Hence, we get that 

/\ dfj A tp = /\ df) A $ = /\ dx a{i) A /\ d( Uj x a{j) ) A ^ 
jeL jeL ieL' jeL" 

has a vanishing pullback to {x^ = ■ ■ ■ = x\ t = 0}. But this means that 

asEieWO /\ dx a ^A( /\ du Jfc A^) ix ... i< + /\ dx Q(t) A dx a ^A( u = 0, 
jeL 1 keL" Leu veL" 

for some forms £ u , where the first term arises when no differential hits any 
x a v\ j g L" . Taking the exterior product with /\j<£L"(d"Uj)ii---i l we obtain 

x s iei » «w A ^ k + yy dx Q(t) a dx<x[v) A ^ = 0. 

We now multiply this equation with the exterior product of all dx a v) with 
j < m and j £ L' . Then we get dx a ^ A • • • A dx a ^ m ' in front of the sum and 
this makes all terms under the summation sign disappear since every a{y), 
with v G L", is a linear combination of a(l), . . . ,a(m). It thus follows that 

x ^ieL»dx a W A • • • A dx a{m) A = 0, 

and since this holds everywhere we may remove the factor ^EeL" an( j con _ 
elude that u has the property ii). □ 

Proof of Theorem [7J The proof is based on induction over p. The induction 
start, p = 1, follows from Proposition |H Assume therefore that the theorem 
is proved for p = k. We introduce the notation 7(Aj 1 ,... , Aj p ;A*) for the 
current-valued function 

BlfiA 2 ^ A • • • A B\f ip \ 2X ^ \f n \ 2X n . . . \f Jq \^ 

fN fN 
Jl '"Jp+q 

When all 9\t Xj are large we have the equality of currents 

<? 

§7(Ai, . . . , A fe ; A*) = (-l) fe ^7(Ai,...,Afc,A fe+i ;A*), 

3=1 

and by our assumption, the left hand side is analytic in some half space 
H independent of N. Moreover, by Proposition HI the term on the right 
hand side corresponding to j has only poles along hyperplanes of the form 
a-k+j^k+j + J2i a i^i = 0- ^ thus follows that 7(Ai, . . . , Afc+i; A*), on one 
hand, only has poles along hyperplanes Yli +1 a i^i = an d> 011 the other, 
only has poles along hyperplanes a^+jX^+j + X^i a iXi = with j > 1. But 
then 7(Ai, . . . , X^+i', A*) can only have poles along hyperplanes of the form 
a«Ai = 0. Consider now the current equality 

57(Ai,...,A A: _i,A fc+ i;A, t ) = (-l) fc+1 7(Ai, . . . , X k+1 ; A*) 

q 

+ ( — l) fc y~^7(^i) ■■■ i ^k-i, Afe + i, Xk+f, A*). 

2 
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From this it follows similarly that 7(Ai, . . . , Xk+i', A*) can only have poles 
along hyperplanes of the form a>k+i\k+i + dk+j^k+j + Yli^ 1 °«Ai = with 
j > 1. Since we know that its only poles are along J2i a i^i = 0; we see that 
it in fact only can have poles along ^ a i^i = 0- Continuing in this way, 
looking at appropriate current equalities and using the induction hypothesis 
and Proposition HI we eventually see that 7(Ai, . . . , Afc+i; A*) cannot have 
any poles at all in H . This concludes the induction step and consequently 
the proof of Theorem [TJ □ 
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